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Abstract 

Let Ml denote the space of solutions z{x, y) to an elliptic, real analytic Monge- 
Ampere equation (lei{D'^z + A{x,y,z,Dz)) = (p(x,y, z, Dz) > such that: (i) z 
is defined on a punctured disc around the origin, (ii) z does not extend smoothly 
across the puncture, and (iii) z, Dz are bounded at the origin. For a large class of 
such ellipic Monge-Ampere equations (including the case ^ = 0), we prove that 
Ail is in one-to-one correspondence with a suitable subset of the class A^2 of 
regular, real analytic strictly convex Jordan curves in M^. The non-analytic case 
is also studied. 

Among several applications of this classification, we describe the moduli space 
of bounded isolated singularities of graphs with prescribed analytic positive extrin- 
sic curvature Kext = K.{x, y, z, Dz) > in an arbitrary three-dimensional warped 
product X/ M. 



1 Introduction 



The study of isolated singularities is a fundamental problem in the theory of nonlinear 
elliptic PDEs. One of its basic questions is to find conditions under which isolated 
singularities of a certain PDE are removable. Such conditions typically include that 
the solution lies in some suitable class of generalized solutions (weak solutions, viscosity 
solutions). However, there exist simple solutions of natural elliptic PDEs that present 
non-removable isolated singularities, and are therefore uncovered by this analysis. 
Consider for instance the radially symmetric function 

z{r) — 2 ij^ Vl + r'^ + smh.^^{r)^ , r := a/x^ + Z/^, (1) 

whose graph is presented in Figure 1. The function 2; is a solution to the simplest elliptic 
Monge-Ampere equation, namely, the Hessian one equation ZxxZyy — z^y = 1. It is real 
analytic on \ {(0, 0)}, and presents at the origin a non-removable isolated singularity 
around which both the function and its gradient are bounded. This is a prototype for 
the kind of isolated singularities that will be studied here. 



Figure 1: A solution to det{D'^z) = 1 with an isolated singularity. 

Consider now the general elliptic equation of Monge-Ampere type in dimension two, 
which is the following fully nonlinear PDE: 

det{D'^z + A{x, y, z, Dz)) = ip{x, y, z, Dz) > 0. (2) 

Here, Dz, D^z denote respectively the gradient and the Hessian of z, and A{x, y, z, Dz) G 
A^2(I^) is symmetric. The Monge-Ampere equation ^ can be rewritten as 

AZxx ~l~ '^BZxy ~\~ C Zyy -\- Zxx^yy ^xy ^ ^ l"^) 

where A = A{x, y, z, Zx, Zy), . . . , E = E{x, y, z, Zx, Zy) are defined on an open set W C 
and satisfy on U the eUipticity conditioiij^] 

D := AC - B"^ + E > {}. (4) 

*It can happen that the coefficients A, . . . , _E are actually defined in a larger domain of which 
contains U (e.g. in all of M^), and that the eUipticity condition Q fails to hold in this larger domain. 
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We will study solutions z to the elliptic equation ([3]) around a non-removable isolated 
singularity, and for simplicity we will assume that this singularity is placed at the origin. 
All our results can be trivially adapted if the singularity is placed elsewhere. 

Convention: From now on we will use the following notations: 

• i7 = {(x, ?/) G : < + < p^}, a punctured disc centered at the origin. 

• W C is an open set, and 

'H:=Un {(xi, . . . , xs) G : xi = X2 = X3 = 0}. 

• A, . . . ,E are functions in C^'^{U), which satisfy in U the ellipticity condition Q. 

• For a function z G C^{Q), we define 

^ ■= {ix,y,z{x,y),z^{x,y),Zy{x,y)) : {x,y) G il}. (5) 

Then, motivated by the example ([T|, we introduce the following definition. 

Definition 1. We say that a solution z G (7^(1)) to ^ for the coefficients A, . . . ,E is 
a singular solution of ^ in if 

1. z is not at the origin. 

2. S) is a compact subset ofU. 

In the case that the coefficients A, . . . , ii^ are real analytic on W, the solution z is also 
real analytic on VL. Also, it can be easily proved that in the conditions of the definition, 
z{x,y) extends continuously to (0,0). 

We will assume for simplicity from now on that any singular solution to ^ has been 
continuously extended to the origin by z{0, 0) = 0, and that H 7^ 0. 

Finally, we define the limit gradient of z at the origin to be the set 7 C of points 
^ G for which there is a sequence g„ — )■ (0, 0) in Q such that {zx, Zy){qn) — > ^■ 

Given A, . . . ,E real analytic as above, our main results show: 

1. For any regular, real analytic, strictly convex Jordan curve 7 C M^, there is a 
singular solution z{x,y) to ([S]) with limit gradient 7. (cf. Theorem [T| 

2. Assume that A, . . . ,E satisfy condition {-k) below, which is always true for the 
pure Monge-Ampere equation det{D'^z) = (f{x,y,z,Dz) > 0. 

The functions Ap, Ag + 2Bp, Cp + 2Bq and Cq do not depend on , . 

p and q inlA. 

Then (cf. Theorem |2]): 

(a) If 2; G C^(f2) is a singular solution to (|3|, then its limit gradient 7 is a regular, 
real analytic, strictly convex Jordan curve. 



3 



(b) Two singular solutions to ([s]) with the same limit gradient coincide in a neigh- 
borhood of the origin. 

H A, . . . , E satisfy condition (-k), the class A^i of singular solutions to ([s]) is in one- 
to-one correspondence with the class M2 of regular, real analytic, strictly convex 
Jordan curves 7 C "H C (cf. Theorem^. 



Item 2(a) above holds in the smooth (not necessarily analytic) cathegory. These 
results generalize many previous theorems on solutions to elliptic Monge- Ampere equa- 
tions in the presence of isolated singularities, see for instance |ACGl Beyl Bey2[ IHeBt 
IGMMl[j3?niJ3?2] . 



We apply the results above to obtain some geometric consequences. These include, 
in the real analytic category, 

I) The classification of bounded isolated singularities for graphs of prescribed positive 
extrinsic curvature Kext = ^{XiViZiDz) > in an arbitrary warped product 
three-manifold x j M. 

II) The classification of (bounded or unbounded) isolated singularities for graphs over 
horospheres in hyperbolic 3-space with prescribed K^^i > 1. 

Ill) The classification of isolated singularities for embedded surfaces in of prescribed 
Kcxt = }C{x,y,z) > 0. 

Again, these classification results rely on establishing a bijection between the correspod- 
ing moduli space and a suitable class of real analytic Jordan curves. 

The paper is organized as follows. In Section |2] we state accurately our main analytic 
results (see Theorems [T] and |2]) and explain how Theorem [s] follows from them. In Section 
|3]we give some preliminaries. Theorems [T] and |2] are proved in Section |4] and Section [5} 
respectively. In Section [6] we provide geometric applications of the classification theorem 
to the study of isolated singularities in different surface theories. The paper concludes 
with an Appendix on the geometry of isolated singularities of graphs of positive extrinsic 
curvature in warped product manifolds x j M. 



2 Statement of the main results 

In order to state our main results we need to introduce some terminology. Let z G C'^{Q) 
be a singular solution to ([s]). It follows then from the ellipticity condition ^ that the 
expression 

ds"^ = {z^^ + C)dx^ + 2{za:y - B)dxdy + {zyy + A)dy^ (6) 

is a Riemannian metric on Q. Thus, {Qjds"^) admits global conformal parameters, i.e. 
there exists a diffeomorphism j-AcCtoa complex domain A such that, in 

coordinates {u,v) G A, the metric ds"^ is expressed as ds"^ = \{dv? + dv"^) for some 
positive function A on A. 

In this situation, motivated by |HeB] . we introduce the following definition. 
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Definition 2. A solution z to ^ inQ satisfies the Heinz-Beyerstedt condition, in short 
HeB-condition, if Ap, Aq + 2Bp, Cp + 2Bq and Cq are Liptschitz continuous in Q when 
they are considered as functions of x and y. 

It was proved by Heinz and Beyerstedt (cf. |HeBl Lemma 3.3]) tliat if z G C'^{Q) 
is a singular solution to ^ which satisfies the HeB-condition, then A is conformally 
equivalent to some annulus A^. 

Thus, in order to study singular solutions to ^ that satisfy the HeB-condition, we 
may assume A to be a quotient strip = {2 G C : < Imz < r}/(27rZ), which is 
obviously conformal to some annulus. From now on, {u, v) will denote the canonical 
coordinates in this strip. 

Let G = {{x,y, z{x,y)) : {x,y) E Q} C M.^ be the graph of z{x,y). By using the 
parameters {u, v), we may parametrize G as a map 

v) = {x{u, v), y{u,v),z{u,v)) -.Tr ^ G CW^ (7) 

such that ip extends continuously to M with ip{u, 0) = (0, 0, 0). 

With all of this, our first main result is the following one, which provides a very 
general existence theorem for real analytic singular solutions to ([3]). 

In what follows, we will denote := {-2 : < Imz < r}, := {z : —r < Im^; < r}, 
F^ := E^/(27rZ) and := S^/(27rZ). 

Theorem 1. Assume that the coefficients A, . . . ,E are real analytic in U. Let 7(ti) = 
(«(«), he a real analytic, 2TT-periodic curve such that (0, 0, 0, 7(]R)) C U. 
Then, there exists a real analytic map ip : F,. — )■ such that: 

1. ip{u, 0) = (0, 0, 0) for every u eR. 

2. There exists a map {p, q) : F.,. — y such that {p, q){u, 0) = 7(m) for every m G M 
and {ijj,p,q){Tr) C U. Moreover, the map N{u,v) : F^ — )■ defined by 

N{u,v) = -^====={u,v) 
a/1 + q^ 

satisfies that (ipujN) = (tpj^jN) = in F^. 

3. Assume that the map {x{u,v),y{u,v)) is an orientation preserving local diffeomor- 
phism at some point (uq^vq) G F^. Then, the image of ip around that point is the 
graph G cM? of some real analytic solution z = z{x,y) to ^ for the coefficients 
A,...,E. 

4- If the curve 'j{u) is regular, negatively oriented, and strictly convex (i.e. both 
— |7'(m)| and the curvature of'y{u) are strictly negative for every u), then for r > 
small enough, ipO^r) is the graph of a singular solution to ^ for the coefficients 
A, . . . ,E. Moreover, the limit gradient of this solution is the curve 7 = 7(M). 
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Remark 1. The first three items of Theorem^prove that, if we start from a 2'K-periodic, 
real analytic curve 'y{u) in M^, we can construct from ^{u) a multivalued solution to ([s]). 
Here by a multivalued solution we mean a surface such that whenever it is transverse 
to the vertical direction around one point, it is a local solution to ^ around this point. 

Theorem |2] below provides a converse statement to Theorem [Tj In particular, it 
shows that the limit gradient of a singular solution z G C^(f2) to ^ that satisfies 
the HeB-condition is a regular, analytic strictly convex curve that determines z{x,y) 
uniquely. 

In this sense, it is important to observe the following fact (see Lemma [T]): if the 
coefficients A, . . . , E in ^ satisfy the condition (*) written in the Introduction, then 
any singular solution z E C^(fi) to ^ verifies the HeB-condition. 

We note that condition (^) holds for the pure Monge-Ampere equation 

det{D^z) = if{x, y, z, Dz) > 0. (8) 

Theorem 2. Assume that the coefficients A, . . . ,E are real analytic inU. Let z G C'^{VL) 
he a singular solution to ^ which satisfies the HeB-condition. Then: 

1. The limit gradient of z{x,y) is a regular, strictly convex Jordan curve 7 in M^, 
which is real analytic. 

2. If {u, v) denote conformal coordinates on S^. for the metric ds"^ as explained pre- 
viously, and p = Zx, q = Zy are viewed as functions of {u, v), then those functions 
extend analytically to U M and 'y{u) := {p{u,0),q{u,0)) is an analytic, 2tt- 
periodic, negatively oriented parametrization of 7 such that 'j'{u) 7^ (0, 0) for all 

ueR. 

3. The graph G of z{x,y) can be constructed following the procedure described in 
Theorem^ in terms of the parameterized limit gradient 7(m). 

4- If z' G C^(r2) is another singular solution to ^ for the coefficients A, . . . ,E, and 
with the same limit gradient 7, then the graphs of z and z' agree on an open set 
containing the origin. 

Observe that from Theorem [T], Theorem [2] and Lemma [T] we can fully classify the 
space of singular solutions to an elliptic Monge-Ampere equation ([s]) with real ana- 
lytic coefficients A, . . . ,E satisfying the condition {-k) (such as the pure Monge-Ampere 
equation (|8])): 

Theorem 3. Assume that the coefficients A, . . . ,E are real analytic and satisfy the 
condition (*). Let us consider the following two classes: 

• Ail = { singular solutions to ^ for these coefficients }. 

• A^2 = { regular, analytic, strictly convex Jordan curves 7 m H C }. 
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Then, the map sending each element z G C^iyi) of Mi to its limit gradient'-/ C gives 
an explicit one-to-one correspondence between Aii and M.2- 

Remark 1. In Theorem^ two elements of Aii are identified if they agree on an open 
set around the singularity. 



3 Preliminaries 

Let z G C^(f2) be a singular solution to ([s]), and consider the Riemannian metric ds"^ 
in (|6| associated to z. From now on, we will assume that z as well as the coefficients 
A, . . . , E oi ([3]) are real analytic (see Subsection 5.1 for a discussion about the non- 



analytic case). Also, we will be using the standard classical notation p = z^, q = Zy, 

T Zxx 5 5 ^xy 5 t ^yy • 

It is a well known fact that ds"^ admits conformal coordinates w := u + iv such that 



ds' = \dw\''. (9) 

That is, there exists a real analytic diffeomorphism 

^ -.n^ A:= C M^ (x, y) ^ <l>(x, y) = {u{x, y),v{x, y)) (10) 

satisfying 

XuVv - Xyyu > 0, (11) 

and the Beltrami system 

Vx \ _ 1 f s — B — (C + r) \ f Ux 



J \/D V ^ + "(-^ - B) J \Uy 



(12) 



Here, A is a domain in = C which is conformally equivalent to either the punc- 
tured disc D* or an annulus A/j = {2;gC:1<|z|< R}. 

Lemma 1. Suppose that the coefficients A, . . . , E : U C M.^ — > M m (|3]) satisfy the 
condition: 



The functions Ap, Ag + 2Bp, Cp + 2Bq and Cq do not depend on , . 

p and q inU. 

Then the solution z{x,y) to ^ satisfy the HeB-condition in Definition^ 

Proof. We denote by E{x,y,z) any of the functions in the statement of the condition 
{-k). Then, F can be seen as a function F depending on the variables {x,y) using the 
composition F{x, y) = {F o G){x, y) where G{x, y) = (x, y, z{x, y)). On the other hand. 
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observe that by the regularity of F away from the origin, to prove that the HeB-condition 
holds we only need to show that for any (x, y) G Vl: 

- F(0,0)| < c|(x,?/)|, for some OO. (13) 

By the hypothesis on the coefficients A, . . . ,E, the partial derivatives of the singular 
solution p and q are bounded in VL and so z G C^'^{Vt) (see |GiTr[ pag. 154]). Then, as 
F is analytic in U we deduce: 

\F{x,y,z) - F(0,0,0)| < Ci|(x,y,^)| < Ci(|(x,y)| + \z\) < Ci(|(x, y)| + CsKx, i/)|). 



for certain constants Ci,C2 > 0. That is, (13) holds. □ 

Note that the analyticity of the coefficients A, is a sufficient condition in the 

previous proof but it is not necessary. If we suppose just that the coefficients are of 
class C^'^(W), the function F as above is Lipschitz continuous in U and we can proceed 
in the same way. 

The HeB-condition is used in |HeB[ Lemma 3.3] and provides the following classifi- 
cation result: 

Lemma 2. Suppose that the HeB-condition is satisfied. Then, a solution to ^ is 
singular if and only if A is conformally equivalent to some annulus A^. 



Thus, in order to study singular solutions to (|3j) when the coefficients satisfy the 
HeB-condition we may consider A = A^. If we denote := {-2 : < Im(2;) < r}, then 
Aji is conformally equivalent to := S^/ (27rZ) for r = logR. So, composing with this 
conformal equivalence we will suppose that the map $ in (10) is a diffeomorphism from 
Q into r^; in particular, $ is 27r-periodic and {u, v) will denote the canonical coordinates 
of the strip S^. 

From now on, we will consider all the functions depending on the parameters {u, v) 
via {x,y) = ^~^{u,v). For simplicity, we keep the same notation. 

From system ([12]) (see for example |Beyl| ) we have the following equations: 

Pv 



VDy^j + Byu - Cxu, 
-VDy-a + By^ - Cx, 
-\/1Dx^ + Bxu - Ay, 
g„ = ^/Dxu + Bx^ - Ay^. 



p^ = -y/Dyu + By^ - Cx^, 
qu = -\fDx„ Bxu - Ay^, 



Moreover we have that 



px^ + qy 



V 



'D 

So, the following system holds 



P 1 
— T^ilu - Bxu + Ayu) + -j^{Pu - Byu + Cxu) 
^/ D y D 

'xu{Bp + Cq) - yu{Ap + Bq) + qpu - pqu)- 
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We conclude these preliminaries with a useful lemma. 



(15) 



Lemma 3. Let z G C^(fi) he a singular solution to ([s]), where Vt is an open domain 
ofM? (not necessarily a punctured disc). Then, for sufficiently large constants a, c > 0, 
the function 

z*{x,y) = z{x,y) + -x^ + -y"^ (16) 

satisfies that its graph {{x,y,z*{x,y)) : {x,y) E Q} is a locally convex surface in M^. 

Proof. As the coefficients A,...,E are bounded on [), we can find constants a, c > 
such that 

c-C>0, a-A>0, {c-C){a- A)- B"^ >0, 

i.e. the matrix 

' c-C B 



AT 



B 



a - A 



(17) 



is positive definite. Now, we may use the fact that ds"^ in ^ is positive definite to 
conclude that the symmetric bilinear form 



ds'^ + {dx, dy)M{dx, dy)'^ = {dx, dy) 



r + c s 
s t + a 



{dx, dyY 



is also positive definite, that is, it is a Riemannian metric on Q. 

On the other hand, a straightforward computation shows that the matrix of the 
second fundamental form of the graph of z*{x,y) in (16) is given by 

1 



ir 



a/1 + (p + cx)2 + (g + ayy 



r + c s 
s t + a 



which we have just proved is positive definite on Q. In particular, the graph of z*{x, y) 
has positive curvature at every point, which proves the assertion. □ 



4 Existence: Proof of Theorem [I 

In this section we prove Theorem [Tj So, let 'j{u) = {a{u), (3{u)) be a real analytic, 
27r-periodic curve in M^, and assume that A,. . . ,E are real analytic functions on an 
open set W C that contains (0, 0, 0, 7(]R)), and that satisfy the ellipticity condition 
(El). We wish to construct a singular solution to ([3| on a punctured disc C for 
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these coefficients, so that the hmit gradient of the solution at the singularity is exactly 
7(M). 

To start, let us consider the 27r-periodic initial data (0, 0, 0, a{u), P{u)) along the axis 



f = in the {u, f)-plane for the system (15). By the Cauchy-Kowalevsky theorem, there 



exists a unique real analytic solution {x,y, z,p, q) to (15), defined on a neighborhood 
S.r = {{u, v) : —r < V < r} of the axis v = 0, such that 

{x,y,z,p,q){u,0) = (0, 0, 0, 

Observe that := (x, y, z,p, q) : Hr is 27r-periodic with respect to u, i.e. it is well 

defined on the quotient := Sr/(27rZ). 



It is clear from the way we obtained system (15) that p and q satisfy (14), and also 



that = pXy + qy^. Besides, a computation from (|l4j) proves the relation 

Pv-^u qvyu Pu-^v quyvi 



(18) 



which is exactly the integrability condition needed for the existence of some smooth 
function Zq on S^, unique up to an additive constant, such that 

{zq)u = pxu + qVu, {zo)v = pxv + qyv 
Note that (zo)t) = -^d and so z{u, v) = Zo{u, v) + f{u) for a certain real valued function /. 



Also, observe that the initial conditions that the solution (x,y, z,p,q) to (15) satisfies 



imply that z{u, 0) = and {zq)u{u, 0) = 0. Thus, f(u) must be constant, and as Zq was 
defined up to additive constants we may assume that z{u,v) = Zo{u,v). In particular, 
it holds 

Zu = pXu + qyu, = pxv + qy^. (19) 



Defining now 
and 



N{u,v) :-- 



{x{u, f ), y{u, f ), z{u, v)) : Tr — ?■ M"^ 
{-p{u,v),-q{u,v),l) 



: r, ^ 



(20) 
(21) 



a/1 + p{u, vY + q{u, vy 

we see that the first two items of Theorem [T] hold. 

To prove item 3, suppose now that the map {x{u,v),y{u,v)) is an orientation pre- 
serving local diffeomorphism at some point [uq, Vq) G S^, i.e. the condition 



uj := Xuyv - x^yu > 



(22) 



holds at this point. By the Inverse Function Theorem we may write z,p,q in terms of 
the coordinates x,y. Thus, around {uq,Vq) the image of the map ip{u,v) is the graph 



G in of the real analytic function z = z{x,y), and from formula (19) the relations 
Zx = P and Zy = q hold. We prove next that z{x,y) is a solution to ^ for the coefficients 



A, 



E we started with. 
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If we recall the notation r = z^x, s = z^y, t = Zyy, then using (14) and working in 
terms of the {u, v) coordinates we obtain 

VDVv =Pu- Byu + Cxu = (C + r)xu - [B - s)yu, 
and working similarly, 



^Dy^ = -{C + r)x, + {B-s)y,, 
VDx^ = (5 - s)xu - {A + t)yu, 
VDxu = -{B - s)x^ + {A + t)y^. 

After the change of coordinates {u,v) {x,y), these expressions yield 

-{C + r)uy -{B- s)u^ 



_ {C + r)vy + {B- s)vx 



-{B-s)vy - {A + t)Vx 



D 

{B - s)uy + {A + t)ux 

Id 



We deduce then from the second and fourth equation in (23) that the system 



holds, where 



iB-s) 
A + t 



-(C + r) 
B-s 



Similarly, from the first and the third equation in (23) we get 



Ux 

Uy 



mo 



1 



B 



(C + r) 



(23) 



(24) 



(25) 



where 

Clearly, SOti is proportional to QJl2^) i-^- 2JtiOJt2 = A(x,?/)Id for some function A. Hence, 



from (24) and (25) we obtain A = 1, i.e. 0JtiS!Jt2 = Id, and so 

{A + t){C + r) - {B - sf = D. 



That is, z[x, y) is a solution to (|3]), as we wanted to show. This completes the proof of 
item 3. 

To prove item 4, assume that 7('u) = («(«), /?(«)) is also regular, negatively oriented 
and strictly convex, i.e. a"{u)P'{u) — P"{u)a'{u) > for every u. If we let u be the 



function in (22), then u{u,0) = for every u, and a computation from (14) yields 
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uj^{u, 0) = {xuvVv - x.,yuv){u, 0) 

\ a' 13' { a' 



n,0) 

(26) 



1 



^{(5'{u)a"{u)~ P"{u)a'{u)) > 0. 

Consequently, since u is 27r-periodic, there is some r > such that a; > on F^. In 
particular, the map il){u^v) : — ?■ given by (20) satisfies: 

1. The projection {x{u,v),y{u,v)) : F^ — )■ is a local diffeomorphism. 

2. ip{u, 0) = for every -u G M. 

3. The upwards-pointing unit normal N : Tr ^ S"^ oi ip restricted to F,,. extends 
analytically to F^, and (21) holds. 

We need to prove now that for r > small enough, ip{Tr) is a graph of a function 
z = z{x, y) over a punctured disc C M^. 

First, we observe that a straightforward modification of the proof of Lemma |3|ensures 
that there exist sufficiently large constants a, c > such that the map ip* : 
given by 

ip*{u,v) = (^x{u,v),y{u,v),z{u,v) + ^x{u,vf + '^y{u,vY^ 

is a regular, strictly convex surface in when restricted to F^. Also, ■?/'*(«, 0) = for 
every u, and the projection of ip*\Tr to is a local diffeomorphism. Moreover, a direct 
computation shows that the unit normal of ijj* in F^ is 

N*iu,v) = , / , .^ i-p-cx,-q-ay,l), 

a/1 + (p + cx)^ + [q + ay) 

where x,y,p,q are evaluated at {u,v). We remark that 

+ a{u)^ + p[uy 

which is a regular, convex Jordan curve in the upper hemisphere of S^. 

Consider now the Legendre transform of ip*{u,v), given by (see |LSZt pag. 89]) 

Hu.v) y x^^^ y^^^ zj.Lr^K, 
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where we are denoting A^* = {N^,N2,N^) and ip* = {x,y,z*). It is well known that, 
since ijj* is a regular, locally convex surface in whose projection to the [x, y)-p\ane 
is a local diffeomorphism, then so is C. Its upwards-pointing unit normal is 

^^c = ^,7' 7'^^^ : r. ^ El, (28) 

where x,y are evaluated at {u,v). In particular C{u,0) = {a{u), P{u),0) is a regular, 
strictly convex Jordan curve in and M'dUjO) = (0,0, 1). Therefore, for r > small 
enough, C{rr) lies on the upper half-space of M^. Moreover, the intersection of C{rr) 
with each plane z = e for e small enough is a regular convex Jordan curve in that plane. 
In particular, the piece of the surface C{rr) lying between two of those parallel planes 
associated to < ei < £2 is strictly convex, and bounded by two regular convex Jordan 
curves, one on each plane. In these conditions, the unit normal of this piece of C defines 
a global diffeomorphism onto some annular domain of Si. Letting £2 — > we conclude 



that there exists some r > small enough such that the unit normal (28) to £ restricted 
to Tr is a diffeomorphism onto a domain of S^. But now, in the view of the expression 



(28), this means that the map {x{u,v),y{u,v)) restricted to this domain is a global 
diffeomorphism onto its image. Thus, both iplTj.) and '?/'*(r,.) are graphs of functions 
z{x,y) and z*{x,y) over a punctured disc Q C M^. 

Observe that by item 3, the function z(x,y) is a singular solution to ([s]). Moreover, 
it is clear from the construction process we have followed that its limit gradient at the 
singularity is the curve 7 we started with. This concludes the proof of item 4 and 
Theorem [H 



5 Uniqueness: Proof of Theorem [2 

Along this section, z{x,y) will denote a singular solution to (|3]) on a punctured disc fi, 
with real analytic coefficients A, . . . ,E. Moreover, we will suppose that HeB-condition 
holds which by Lemma [2] shows that the conformal structure induced by the metric ds'^ 
in ([9]) is that of an annulus. That is, we can parametrize the graph G C of 2; as ^ 
for some r > 0, so that (m, v) are conformal parameters in T^. for the metric ds"^ in 
Observe that extends to M as ip{u, 0) = (0, 0, 0) for all u. 
If we also parametrize p = Zx, q = Zy in terms of u,v, then 

z(m, v) := {x{u, v),y{u, v), z{u, v),p{u, v), q{u, v)) : — > 



is a solution to system (15). The following proposition provides a boundary regularity 
result for z{u, v): 

Proposition 1. In the above conditions, z{u,v) extends as a real analytic map to r^UlR. 

Proof. The first part of the proof follows a bootstrapping method. Consider an arbitrary 
point of M, which we will suppose without loss of generality to be the origin. Also, 
consider for < 5 < r the domain = {{u, v) : < u'^ + v"^ < 5^} fl F^. 
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From (K^ it follows that (cf. |HeB] ) 



Ax = hiixl + xl) + h2{xuyu + Xyy.a) + h3{yl + yl) + h^{xuyv-Xyyu) 
Ay = hi{xl + xl) + h2{xuyu + x^y^) + h;>,{yl + yl) + hi{xuyv - x^yu) 

where the coefficients hi = hi{x, y, z,p, q) , . . . , = h^^x, y, z,p, q) are 



(29) 



hi 




+ D,p-DpC + DqB), 






h2 


= —Aq — Bp — 


^{Dy + D,q + DpB-DqA), 






hs 










h/i 


^ '^(^^ ~^ By 


+ A,p + B,q - ApC + {Aq + Bp)B 


-BqA- 


2 P)^ 


hi 


= Cq, 








h2 


= —Bq — Cp — 


^{D^ + D,p-DpC + DqB), 






h 


~ Bp ~ 2D^B^y 


+ D,q + DpB-DqA), 






h/i 




+ C,q + B,p - BpC + (Bq + Cp)B 


-CqA- 


\Dq), 



all of them evaluated at z{u,v). In particular we have that 



hi = a 



9' 



hi-h2 = Cp + 2Bg, h2~h3 = -Aq - 25, 



/ia = Ar, 



(30) 



On the other hand, observe that the inequalities 



{Xu - Vvf + {Xv + Vvf > 0, 



{xu - yuf + {xv - yvf > 



lead, respectively, to < ^(|Vxp + |V?/p) and Xnyu + Xyy^ < |(|Va;p + iVyp). 

Hence, if we denote Y = {x, y) : — > Q, formula (29) and the fact that hi, ... ^h^ 
are bounded yield 

|Ar| < c(|Vx|2 + iVyp) (31) 

for a certain constant c > 0. 

Observe that Y G C2(D+) n ^0(5+) with r(u,0) = (0,0) for all u. Hence, we can 
apply Heinz's Theorem in |He] to deduce that Y G C^'°(D+) for all a G (0, 1), where 
D+ = D+ n 5(0, e) for a certain Q<e<5. 

Now, the right hand side terms in (14) are bounded in D+ and so p, g G H^"'^'°°(D+). 
Hence p, q G C'^'^(D+) (cf. |GiTrt pag. 154]). In particular, p and q are Holder continuous 
of any order in D+. 

Taking into account (19), we obtain z G C"'^'°(D+) Va G (0, 1). Then, the right hand 
side functions in (14) are Holder continuous of any order in D+. That is, p, g G C^'"(D+) 

VaG(0,l). 

With this, we have from (29) that AY is Holder continuous in D+. Then, a standard 
potential analysis argument (cf. |GiTrt Lemma 4.10]) ensures that x,y & C^'"(D^^2)- 

and so, from (19) that z G 



2,a/ 



e/2) 



Again, by formula ( 14 ) we have that p,q G C 

At this point, we may apply the same argument to Y^ and Y^, in order to obtain 



that X, y, z,p,q G C^'' 



). A recursive process leads to the fact that z = (x, y, z,p, q) 
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is at the origin. As we can do the same argument for all points of M and not just 
the origin, we conclude that z{u,v) G C°°(Tr UM). 



Now, a computation in the same spirit of formula (29) shows that the Laplacians of 
z,p, q are given by: 



Ap = {VDo i^uVv - {VDo z)^yu + {B o z)uyu + {B o z)^y^ 
+ {B o z)Ay — (Co 7)A.x — {Co z)uXu — {Co z)vXv, 

Aq = -(V-D o z)uXy + {s/D o z^^x^ + {B o z)uXu + {B O z)yXy (32) 
+ {B o z)Ax - {Ao z)Ay - {Ao z„y„ - {Ao z)^?/^, 

Az = puXu + PvXv + quVu + qvVv + pAx + qAy, 

where all quantities are evaluated at {u^v) G F^. Therefore, as A,B,C,E are analytic 
(note that the analyticity of the coefficients had not been used in this section up to 
now), z{u,v) satisfies 

Az = /i(z,z„,z^) (33) 

where h : O G M}^ — > is a real analytic function on an open set O of M}^ containing 
the closure of the bounded set {(z, z^, z^)('U, f ) : {u,v) G F,.}. Moreover, if we write 

z{u, v) = (^(u, v), (j){u, v)) : F,. — ^ x = 

where ip{u,v) is given by ([t]) and (p{u,v) = {p{u,v), q{u,v)), then we see that z{u,v) is 



a solution to (33) that meets the mixed initial conditions 



V>(m,0) = (0,0,0), 

/ -C(0, 0,0, </.(«, 0)) i?(0, 0,0, </.(«, 0)) 

0^,(m,o) = I ^v{u,oy 

y 5(O,O,O,0(u,O)) -A(O,O,O,0(m,O)) 

As z G C°°(Fr U M), we are in the conditions to apply Theorem 3 in |Mu2| to z around 
every point in M. Thus, we conclude that z is real analytic in F^ U M, which concludes 
the proof of Proposition [TJ □ 

It follows from Proposition[T]that the functions p{u, v) and q{u, v) extend analytically 
to Fj. U M, so that {a{u), P{u)) := {p{u,0),q{u,0)) is a real analytic, 27r-periodic map. 
Let now 7 C denote the limit gradient of z{x,y). Then, clearly 7 = {{a{u), P{u)) : 
u G M}, and so we get that 7 is a closed curve in M^, possibly with singularities, that 
can be parameterized as a 27r-periodic function as 7(m) = {a{u), P{u)) in terms of the 
conformal parameters {u,v) associated to the solution z{x,y). 

In Theorem [T] we proved that a sufficient condition for the possibly multivalued 
solution to ([3]) constructed there in terms of 'j{u) to be actually a singular solution 
to ([3]) on i7 is that 7(ti) is regular, negatively oriented and strictly convex. We show 
next that under the hypothesis that the HeB-condition holds these conditions on 7(m) 
are also necessary. The following proposition completes the proof of items 1 and 2 of 
Theorem IH 
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Proposition 2. Let 7 C be the limit gradient of z{x,y), and let 7(m) : ]R/(27rZ) — > 
be its parametrization in terms of the conformal coordinates {u,v) G U M. Then 
{'-/" (u) , J'y' (u)) < for all m G M, where J denotes the rotation of angle tt/2. That 
is, 'j{u) is a regular analytic negatively oriented Jordan curve which, in particular, is 
strictly convex and bounds a convex set in M^. 



Proof. That 7(m) is real analytic was proved in Proposition [Tl 

Consider next the analytic map u defined on U M by (1221) 
and is positive on F^. 



which vanishes on 



We can use (29) to compute the Laplacian of w in (22) at points in the real axis. We 



get 



= [{hi)uxlyy + 2hiXyyyX,,u 

+ {h2)uXvyl + h2Xyuyl + h2Xyyyyyu 

vu 

(^l)tl'^D '^h\X yXyy 

— {h2)ux1yv ~ h2XyuyyXy — h2x1yyu 

+2xuv{hixl + h2Xyyy + hsy^) 
-2yuv{hixl + h2Xyyy + h^yl)]{u, 0) 
= [{hi -h2)uxlyv + {h2 - h3)uylxy + {h3)uyf, - {hi)uxl 
+ {xy{h2 + 2/ii) + yy{h2 + 2/i3))w^](M, 0). 



(34) 



Observe that since HeB-condition holds, the functions in (30) are constant along the 



real axis. With this, and using that x^ and y^ are bounded from above along the real 



axis by (14), we deduce from (34) that there exists a constant c > such that 



(35) 



for all (m, 0) G M?. Therefore, (35) holds in some Fp with r > p > 0. As cj('U,0) = 



and u{u, f ) > in F^, Hopf 's Lemma (see |GiTrt Lemma 3.4]) implies that u:y{u, 0) > 0. 



Using now (26) we get that (7"(m), J'~)'{u)) < at every point. Hence, 7'(m) 7^ for all u 
and the curve is negatively oriented and strictly convex. Thus, the proof of Proposition 
|2] is finished. □ 

Now we are in conditions to finish the proof of Theorem [2j Observe that the map 
z(m, v) can be recovered in terms of a real analytic, 27r-periodic curve 7('u) = («(«),/?(«)) 



as the unique solution to the Cauchy problem for the system (15) with the initial con- 
dition 

z(u, 0) = (0, 0, 0, a{u),(3{u)). (36) 

In other words, any singular solution to ([3]) on a punctured disc fi, whenever the HeB- 
condition is satisfied, can be recovered through the process described in Theorem [T] to 
construct solutions to ^ with an isolated singularity at the origin. This shows that 
item 3 in Theorem [2] holds. 
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Also, item 4 is a direct consequence of the previous facts and the uniqueness of the 
solution to the Cauchy problem for system (15). 



Remark 2. Observe that the parameters {u,v) G Tr associated to the solution z of ^ 
are defined up to 2'ir-periodic conformal changes of that simply yield a reparametriza- 
tion of the limit gradient 7. Hence, the graph constructed in Section is uniquely 
determined by the initial data 7, independently of its parametrization. 

This finishes the proof of Theorem [2j 



5.1 The non- analytic case 

In the case that the coefficients A, . . . ,E in ^ are not real analytic, the proof of 
Theorem [T] does not work since it uses fundamentally the Cauchy- Kowalevsky theorem. 
Thus, we cannot construct singular solutions to ([s]) with a prescribed limit gradient at 
the singularity. 

However, our method still provides information about the asymptotic behavior of 
singular solutions to ([s]) in the non-analytic setting. Indeed, we have. 

Corollary 1. Assume that the coefficients A, . . . , E in ^ are of class C^'^ inlA d M^, 
and satisfy the condition 

Let z e C^(n) be a singular solution to ([s]) for these coefficients. Then z satisfies 
the Heinz- Beyer stedt condition, and its limit gradient at the origin is a regular, strictly 
convex Jordan curve in . 

To prove this corollary we simply need to go over the proof of Theorem |2] and keep 
track of where does the analyticity condition play a role. In this way, we have that: 

• The proof of Lemma [T] works under the hypothesis that A, . . . ,E are of class 
C^'^iU). So, z{x,y) satisfies the Heinz-Beyerstedt condition. 

• The underlying conformal structure of z is that of an annulus, by Lemma [2j That 
is, the domain A C C is conformal to some annulus A/j. 

• The bootstrapping method in the proof of Theorem[2]gives that (x, y, z) G C^''^(rrU 
M) and (p, q) G C'^'^(Tr U M). Furthermore, we can deduce that the limit gradient 
of z at the origin is a regular strictly convex Jordan curve 7('u) = {p{u),q{u)), 
which is now of class C"^'^. This fact is a direct consequence of the condition (|26|), 



which still can be deduced from (34) and the Hopf Lemma. Observe that the 



HeB-condition ensures that the functions (30) are continuous along the real axis 



and so formula (34) makes sense. 



6 Geometric applications 

In this section we will explain how our results can be applied to several geometric theories 
modeled by a Monge- Ampere equation of type ^ which satisfy the condition (-k). 
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6.1 Graphs of prescribed curvature in warped product 3-spaces 

Recall that the equation for the extrinsic curvature Kext of a graph z = z{x,y) in is 

rt-s^ = K,,t{l+P^ + qy. (37) 

In |GHM) Galvez, Hauswirth and Mira classified the isolated singularities of graphs with 
Kext = 1 in M.^. Their result can be restated as follows (see |GHMl Corollary 13]) 

Theorem 4 (Galvez-Hauswirth-Mira). Let A be the space of graphs z = z{x,y) in 
with Kext = 1 that have a point po G as a (non-removable) isolated singularity and 
extend continuously to this singularity. Then A is in one-to-one correspondence with 
the class of real analytic regular convex Jordan curves in . 

This correspondence associates to each such graph its associated limit gradient at the 
singularity. 

As an application of Theorem |3] we can provide a substantial generalization of Theo- 
rem |4j For that, we substitute the ambient space M'^ by an arbitrary three-dimensional 
warped product space, and the constant extrinsic curvature by an arbitrary prescribed 
function, not necessarily constant. Also, we just require the graph to be bounded, and 
not to extend continuously to the puncture. We explain this next. 

Let P X J M be a three-dimensional warped product space, where D C is endowed 
with a conformal metric g = \{dx'^ + dy'^) for some function A > (see the Appendix for 
some background on warped product three-spaces). Then, a computation shows that 
the extrinsic curvature i^ext of an immersed graph z = z{x,y) in P x y M C is given 
by equation (|3| for the coefficients 



pX^ qXy q^f f u -P^y ' ' P^f 



J. _ f -x _ -1- -y _ -1 J _ j_ , _ -y -1- -x 

2A 2A f ^ ] 2A 2A / ' ^gg^ 

^ = ~^ + Ia "T"" 2^' E = KeAf\ + p' + q'f-AC + B\ 



If we substitute in (38) K^xt by a smooth function /C(x, z,p, q) > 0, we get an elliptic 
Monge- Ampere equation that satisfies condition {-k). 

Observe that, by Theorem [7| any graph in "D^ x j M with K^xt > which is bounded 
around an isolated singularity automatically extends continuously across the singularity. 
We will hence assume this continuous extension property in the next theorem. 

Theorem 5. Let PxjMcM^xM be a real analytic warped product three-manifold, 
let pq = (go, ^o) G X' X J M, and let O be an open set of the tangent bundle T[T> x / M) = 
I? X M X such that O n ({po} x M^) ^ 0. 

Let K, : O ^ be a positive, real analytic function, and consider the moduli space 
Ai of graphs S inVXfK. over some punctured disk around &T> such that: 

1. S has at qo an isolated singularity, and is bounded around qo, with po E T,. 
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2. The extrinsic curvature of S is given by the function JC; that is, if we view E as 
a graph z = z{x,y) over a punctured disk around go C V, the extrinsic curvature 
Kext of S at the point (x, y, z) is )C{x, y, z, z^, Zy) . 

Then Ai is in one-to-one correspondence with the space A2 of all the regular, real ana- 
lytic, convex Jordan curves contained in the non-empty planar open set (9n({po} xl^^) C 

Proof. To be coherent with our previous notation, we will suppose that p^ = (0, 0, 0) in 
the {x,y,z) coordinates of the warped product. As S is bounded around the isolated 
singularity and has Kc^t > 0, Theorem [7] in the Appendix implies that the graph extends 
continuously to the puncture with -2(^0) = Po, and is uniformly non-vertical. Then, by 



the computation (38) we see that the graphs E Ai are exactly the singular solutions 
to the Monge- Ampere equation (|3|-(38). Therefore, Theorem [s] follows from Thorem 

m □ 

Remark 3. In the case where the ambient space is a Riemannian product x M 
(i.e. f = 1), the hypothesis that E is bounded around the singularity is superfluous, by 
Theorem^ This includes the case where the ambient space is M^. 

Theorem |5] can be applied to the case in which the ambient space is a three- 
dimensional space of constant curvature endowed with a warped product structure. 
For example (see e.g. |GJM| ): 

1. The Euclidean space M.^ minus one point can be seen as a non-trivial warped 
product by considering spherical coordinates: 

= \ {0} = (§2 X M+, z^gs2 + dz^). 

In this model the equation z = z{x,y) provides graphs over spheres. 

2. The half-space model of the hyperbolic 3-space = {{{xi,X2,X3) G : 0:3 > 
0}, -^{dxl + dxl -f dxD) can be written as the warped product 

(M^ X M, e-^'idx^ + dy^) + dz"^). (39) 

In this model, the graphs z = z{x, y) correspond geometrically to graphs in 
over horospheres. 

3. Using the warped representation of Mi^ mentioned above we can pass from the 
Poincare model of H'^, ^B^, (jq^^ppS'iRa j j to the model 

= \ {0} = (§2 X M+, sinh2(z)^g2 + dz^) . 
As before, z = z{x,y) gives rise to graphs over totally umbilical spheres in H^. 
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4. In the case of S^, we consider the warped model 

§^ \ {north, south} = x M, sm'^{z)gs2 + dz^). 

Again, z = z{x,y) describes geometrically graphs over a totally umbilical sphere. 

Observe that Theorem[5]provides the classification of isolated singularities of bounded 
graphs of prescribed analytic positive extrinsic curvature in all these models. We omit 
the specific statement of the results, as the general case was already explained in The- 
orem El 

The next corollary is a consequence of Theorem |5] and Corollary |4] in the Appendix. 



Corollary 2. Let us consider the warped product model for M.^ given by (39), i.e. M.^ = 
Xe-2z M. Let }C{x,y) be a real analytic positive function in some disk D G M.^ 
containing Pq = (0,0), and let Tj be a real analytic graph z = z{x,y) on the punctured 
disk D* = D \ {po}. Then, exactly one of the following three situations happens: 

1. S extends analytically across pq. 

2. S extends continuously (but not -smoothly) across Pq, and its limit gradient at 
Pq is an analytic, regular, strictly convex Jordan curve 7. In that case S can be 
recovered in terms of by the process explained in Theorem^ 

3. The height function of S over H tends to +00 or to —00 at po. In particular, 
the metric of S is complete around the puncture. This third case cannot happen if 
/C(po) > 1. 

Let us note that, by the Gauss equation Kq = K^xt + prescribing the extrinsic 
curvature i^ext on a graph in a space of constant curvature e is equivalent to prescribing 
the (intrinsic) Gaussian curvature Kg of the graph. 

6.2 Embedded isolated singularities of surfaces with positive 
curvature in 

Let ifj : Q — > M.^ be an immersion of the punctured disc Q into and assume that i/j 
extends continuously but not C^-smoothly to the origin. Following [GaMiJ, we say m 
these conditions that ip has an embedded isolated singularity aX p = iplO) G if there is 
a punctured neighborhood U <Z fl of the origin such that ip{U) is an embedded surface. 

By Theorem 13 in |GaMi] . it follows that if a surface of positive curvature in 
has an embedded isolated singularity at some p G M^, then the surface can be viewed 
around this point as a convex graph over a punctured disc in some direction of M^. 

Besides, it is easy to observe that for any direction G a curve f3{u) in the 
hemisphere fl {x G : {x, Vq) > 0} is regular and strictly convex if and only if so is 
the planar curve 7(u) contained in the plane {fo}"*" C given by 

{l3{u),ei) {P{,u),e2) 
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where {ci, 62,^0} is a positively oriented orthonormal basis of M^. 

With all of this, and recalling that the equation for the extrinsic curvature of a 



graph z = z{x,y) in M is given by (37), and invariant by isometries of M , we obtain 



the following theorem as a corollary of Theorem [3j 

Theorem 6. Let JC : O gM.^ — > (0, 00) be a positive real analytic function defined on 
an open set O gM.^ containing a given point p gM.^. Let Ai denote the class of all the 
surfaces S in M.^ that have p as an embedded isolated singularity, and whose extrinsic 
curvature at every point (x, y,z) G (1 O is given by IC{x, y, z). 

Then, the map that sends each surface in Ai to its limit unit normal at the sin- 
gularit'^ provides a one-to-one correspondence between Ai and the class A2 of regular, 
analytic, strictly convex Jordan curves in §^ . 

Theorem [6] generalizes |GHM[ Corollary 13], which covers the case K, = const. 



6.3 Spacelike surfaces with i^ext > in 

The Monge- Ampere equation (|3]), and more specifically (|8]), also appears when dealing 
with spacelike graphs of prescribed negative Gaussian curvature in the 3-dimensional 
Lorentz-Minkowski space L^. Let us recall that can be seen as endowed with the 
Lorentzian flat metric (, ) = dx"^ + dy^ — dz'^, and that a graph z = z{x, y) in L'^ is called 
spacelike if the metric that it inherits from the one of is Riemannian. Alternatively, 
the graph z = z{x, y) is spacelike if z"^ -\- Zy < 1 everywhere. 

If we denote by Kq the Gaussian curvature of a spacelike surface in L^, its extrinsic 
curvature is given by i^ext = —Kq- In this way, a computation shows that the extrinsic 
curvature of a spacelike graph z = z{x, y) in is given by 



rt-s' = Kext(l - P - qT, p' + q'< 1- (40) 



If we substitute in (40) K^^t by a function }C{x,y, z,p, q) > 0, we obtain an elliptic 
Monge- Ampere equation for which condition (*) is trivially satisfied. 

There is an interesting feature of this equation. Let z{x, y) be a graph in with 
Kext > over the punctured disk Q, which satisfies the ellipticity condition z'^-\- z^ < 1. 
Also, assume that z does not extend to the origin. Then, for every e > such that 



dB{0,e) G fl, the maximum cq of z^ + Zy in dB{pQ,e) satisfies cq < 1. Now, as by (40) 
the graph z = z{x, y) is locally convex, we deduce by convexity that z"^ -\- Zy < Cq < 1 in 

B[0, e) \ {0} C Q. In particular, the functions z^, Zy are bounded near the origin and z 
extends continuously to (0,0). 



In other words, when we view (40 ) as a Monge- Ampere equation for K^xt = IC{x, y, z, p, 
0, any solution on Q which does not extend C^-smoothly to the origin is automatically 
a singular solution of the equation, in the sense of Definition [TJ 

With this. Theorem [3] provides the following consequence. 

^That is, the set of vectors vq e §^ for which there exist points p„ G S converging to p such that 
the corresponding unit normals iV(p„) G S'^ of S at those points converge to vq. 
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Corollary 3. Let )C{x,y, z,p,q) > be a positive real analytic function on an open set 
U CR^ such that the set H := {(p, g) G : (0,0,0,p, g) G U] is non-empty. Let Ai 
denote the class of spacelike graphs z = z{x,y) in over some punctured disk fl cM? 
such that: 

1. z{x,y) extends continuously but not C^-smoothly to the origin, with -2(0,0) = 0. 

2. The extrinsic curvature of the graph is given by Kcxt{x,y) = }C{x,y, z, z^, Zy) for 
every {x, y) E fl. 

Then the map sending each element of Ai to its limit gradient at the origin is a 
bijective correspondence between Ai and the class A2 of regular, real analytic, strictly 
convex Jordan curves 7 C fl D C M^, where D is the unit disc. 



6.4 Elliptic Weingarten graphs 

An orientable surface in M.^ is called a linear Weingarten surface if there exist three real 
numbers a,b,c not all zero, such that 

2aH + bK = c, (41) 

where K and H are respectively the Gauss curvature and the mean curvature of the 
surface. The surface is called an elliptic linear Weingarten surface when 

a'^ + bo 0. (42) 



Observe that in this elliptic case we can suppose up to a change of sign in (41) that 
c > 0. This family contains the class of surfaces of constant mean curvature (6 = 0) 
and surfaces with positive constant Gauss curvature (a = 0). For a graph z = z{x, y) in 
the condition of being an elliptic linear Weingarten surface is given by the following 
equation: 

rt - + ^^/TTIpTq^{il + p^)t - 2pqs + (1 + q^) = j{l +p^ + qy. (43) 




Equation (43) is an elliptic Monge- Ampere equation that can be written in the form 
a for 

a I 7. Ox „ a 



(44) 



C= -v/l+p2 + g2(l+p'), ^ = -(l+/ + g')l 



These coefficients do not satisfy the condition (t^t), so Theorem |3] does not provide a 
direct classification result as in previous subsections. Still, by the procedure explained in 
Section |4] we can give a way to construct linear Weingarten graphs with the underlying 
conformal structure of an annulus in terms of regular analytic strictly convex Jordan 
curves. However, we must emphasize that there are elliptic linear Weingarten surfaces 
with isolated singularities that are not recovered by this process, see Figure 5.1. 
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Figure 2: An isolated singularity of a rotational elliptic linear Weingarten graph, whose 
gradient tends to infinity at the puncture. 

Appendix: Isolated singularities of graphs in warped 
products 

Given a Riemannian surface {M^,g) and a smooth function / : M — )■ (0, oo), we define 
the three-dimensional warped product x jM as the Riemannian manifold (M^ xM, (, )), 
where 

{,) = fit)g + dt'. 

A surface E in x j M is a graph if tt : S — )■ 7r(S) is a diffeomorphism, where tt stands 
for the projection x — )■ M^. If we choose coordinates {x, y) on a domain V C 
containing vr(S), then the graph S in the coordinates {x,y,t) is given hy z = z{x,y), 
where z{x,y) is a smooth function. We will call z the height function of the graph. 

Definition 3. Let H he a graph in x / over a punctured disk D* C around 
some po G M^. IfT, does not extend as a graph to D = D* U {po}, we will call pq an 
isolated singularity of S . 

Given a graph S C x j M, we can orient it so that its unit normal satisfies 
(A^, dt) G (0, 1], where dt is the derivative of the vertical coordinate in X/M. We will 
call V := (A^, dt) the angle function associated to S, and we will say that E is uniformly 
non-vertical if > c > in S. 

In what follows we will denote by K^y^^ the extrinsic curvature function of the oriented 
graph S, i.e. the determinant of the second fundamental form II of S with respect to 
its first fundamental form. Then, the condition i^ext > is equivalent to the property 
that // is (positive or negative) definite at every point. 

In this Appendix we will prove the following three results on the geometry of isolated 
singularities for graphs of positive extrinsic curvature in warped product three-manifolds. 
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Theorem 7. Let H he a graph in x / with K^^^t > 0. Assume that S has an 
isolated singularity at po G and is bounded around pq. Then S extends across po as 
a continuous graph and is uniformly non-vertical. 

Theorem 8. Let H be a graph with K^xt > in the Riemannian product space x M 
(i.e. f = 1). Assume that S has an isolated singularity at po G M^. Then S extends 
across po as a continuous graph and is uniformly non-vertical. 

Theorem 9. Let T, be a graph with iiText > in a warped product space x / M which 
is a Hadamard manifold. Assume that E has an isolated singularity at Pq G and 
that E is not bounded around Pq. Then, if z denotes the height function ofE, 

lim z{p) = ±oo, p G M^. 

Remark 2. Theorem is also true if, instead of assuming that XfR is a Hadamard 
manifold, we ask for the following property (P) to hold for some strongly convex geodesic 
disk Dr C of radius r centered at po- 

Property (P): For any two points in Dr x M. G x / there is a unique 
minimizing geodesic joining both points, and moreover, this geodesic is totally 
contained in Dr xR. 

Observe that any Hadamard manifold X/I^ verifies property (P). Basic examples 
of this type of manifolds are M.^, and x M. 

We begin with the proof of these three resuhs. 

Let (Af ^, g) be an oriented Riemannian surface and po G M^. For a fixed unit vector 
C G Tp^^M, let ^{v) be the unique geodesic in with initial conditions 7(0) = po, 
7'(0) = ^. Let exp and J denote, respectively, the exponential map and the complex 
structure of {M'^,g). Then, for £ > small enough, the map 

{u,v) I — > exp^(^)(MJ7'(u)) 

defines a diffeomorphism from {—e,e) x {—£, e) into a neighbourhood U C of 

Po, such that the metric g is expressed with respect to {u, v) as 

g — du^ + G{u, v)dv'^ 

for a positive smooth function G{u,v) in R^ with G{0,v) = 1 for all v G {—e,e). 

Observe that in these coordinates, each curve v = const, in R^ corresponds to a 
geodesic of {M'^,g). 

Let now E be a graph in x /I^ with an isolated singularity at po- If we parametrize 
[/ X M in terms of the (u, t) coordinates defined above, then E is written in a neigh- 
borhood of Po as 

E = {{u, V, z{u, v)) :{u,v) encRe\ {(0, 0)}} 
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for some smooth function z defined on a punctured disk centered at the origin. 
Let duidv denote the partial derivatives in S with respect to i.e. 

c^M = t^n + ^udt^ dy = -\- Zydt, 
and let rj be the (non-unit) upwards pointing normal vector field to S 

r] := -z^du - + fdf 

Then, bearing in mind that the Levi-Civita connection V in x j M in the coordinates 
(m, V, t) satisfies 

a simple computation shows that the second fundamental form II of S verifies 

If we assume now that Kg^t > for S, then 

- f{z)zl + f{z) - ^) ^ (45) 



for every {u,v) G Alternatively, we can rewrite (45) as 



d f z. \ f'{z) d ( z^\ f'{z) 

> 7777^ or else — -— < — — . (46) 



du \r{z)) 2f{z) du \f'{z)J 2f{z) 



Proof of Theorem^- We assume, for instance, that the first inequality in (46) holds 
(the argument is similar with the second inequality). As z is bounded by hypothesis, 
there is some Cq G M such that, for {u, f ) G C \ {(0, 0)}, 



du \f'(z)J 2f(z) 

and therefore 

d ( z„ 

CqU > U. 



du \f'{z) 
This condition easily implies that 



CqU 



is bounded in Q, from where Zu is also bounded in Q. 
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Recall now that, by construction, the coordinates [u, v) depend on the arbitrary unit 
vector ^ which determines the direction. So, a different choice ^ of the vector ^ will 
result in new coordinates {u,v) for which zq will be bounded. By choosing ^ so that 
{du,dti} are linearly independent at (0,0), it is easy to deduce then that is bounded 
around (0, 0). 

On the other hand, a computation shows that the angle function of S satisfies 



= (^'^*)' = Trir2(v,dtr = ^ ^^'l ■ (47) 
M? f\z) + zl+'^ 



As z, Zu and z„ are bounded around (0, 0), we conclude from (47) that i/^ > c > around 
(0,0), i.e. S is uniformly non- vertical around the isolated singularity. Finally, that z 
is continuous at (0, 0) follows from the boundedness of z^ and z^. This completes the 
proof of Theorem [7j □ 

Proof of Theorem ^ By the condition / = 1, we get from ( [isj ) that Zuu has a 
constant sign on the punctured disk Vt C \ {(0, 0)}. Thus Zu is bounded. The rest of 
the argument is identical to the one used in the proof of Theorem [7j □ 

Proof of Theorem ^ Let C be a strongly convex geodesic disk of radius 
r centered at po? cind assume that property (P) holds in x C ^ / (this 
happens for instance if XjM is a Hadamard manifold). We will assume without loss 
of generality that the graph S is well defined on Dr \ {po}-, and the second fundamental 
form of S is positive definite for the upwards pointing unit normal of S (recall that 
A'ext > on S). This implies, using that the vertical planes 7 x M over a geodesic 
7 C are totally geodesic surfaces in x j M, that any geodesic in M ^ ^ / which 
is tangent to S at some point p G S lies below S around p. 

We define the epigraph of z by 

epi(z) = {(p,t) G A. X M : t > z{p),p^Pq}. 



Claim 1: epi(z) is a convex subset of x M. 

To prove this claim, we take two points (pi, ti), (p2, ^2) in epi(z) C -Dr x and prove 
that the unique geodesic F in x joining them is contained in epi(z). We distinguish 
several cases. 

Case 1: the geodesic 7 joining pi and p2 in Dj. does not pass through Pq. 
First note that if pi = P2, the geodesic F corresponds to a vertical segment, so the 
property holds. 

Consider the totally geodesic plane over 7, that is, 7 x M C -Dr x M. Then, the 
geodesic F is contained in 7 x M. Let a = (7 x M) fi S. 

Let $0 be the angle that the geodesic F C 7 x M makes with the vertical direction dt 
at the point (pi, ti), and consider the family {re}ee[Q,eo] of geodesies in 7 x M starting at 
{pi, ti) and making an angle 6 with dt at this initial point. Note that Fq is {pi} x [ti, 00), 
which does not intersect a, that Fe^ = F, and that all such geodesies only intersect at 
the initial point (pi,ti). 
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Once here, observe that the existence of a point g G F not lying in epi(2;) would 
mean that a is above T around g in 7 x M. But that would mean that some of the 
geodesies Te lies above a in 7 x M and touches a tangentially at some point. This is 
a contradiction with the fact that E has positive definite second fundamental form for 
the upwards pointing unit normal, and hence lies locally above all its tangent geodesies. 
This completes the proof of the convexity of epi(2;) in Case 1. 

Case 2: the geodesic 7 joining pi and p2 in Dr passes through pq. 

Let {xn} be a sequence of points in Dr with x„ P2, and such that the geodesic in 
Dr joining x„ and pi does not pass through pq. Then, we can also take (tn)n such that 
{xn,tn) G epi{z) and — )■ (^2)^2) as n — )■ 00. By Case 1, the geodesic r„ joining 
with (x„,t„) is contained in epi(z). Taking limits, r„ converge to the geodesic 
r joining with (p2;^2)- In particular, F is contained in epi(z) as we wanted to 

prove. We remark that this argument also holds in the case po = P2- 

Case 3: Pi = P2 = Po- 

In this case we take two points {po,ti) and (po)^2) in epi(z) with ti < t2- Take a 
sequence (x„,)f:„) — )■ {po,ti). Then, the vertical segments 

Fn := {Xn} X [tn, tn + ^2 " ^l] C epi(z) 

are geodesies, so by taking limits F„ — > F = {po} x [^1,^2], which is also contained in 

epi(^). 

Thus, we have proved that epi(z) is a convex set of Dr x M. 

Let us also observe that there is some to ^ such that (po)^o) ^ int(epi(2;)). For 
this, let pi,p2 G Dr such that Pq lies in the geodesic 7 joining pi with p2. If we 
take ti > z{pi), then G int(epi(2;)) and the geodesic in Dr x M joining 

with {p2,z{p2)) passes through some point of the form (^07^0)- By standard convexity 
arguments, (po,^o) ^ int(epi(z)). 

Consider now {po,to) G int(epi(2;)), and let e > so that D^ x (to — e,to + e) C epi(z), 
where D^ C Dr is a geodesic disk of radius e centered at pq. Then, D,. x (to — £:,M) C 
epi(z) from where it follows that (po,ti) G int(epi(2;)) for all ti > to. By convexity, there 
are two possibilities: 



1. epi(2;) n {{po} X M) = {p^} x M, with {po} x M C int(epi(2:)), or 

2. epi(^) n {{po} X R) = {pq} x [h,oo) with {po} x (0, 00) C int(epi(2;)) 

We will prove next that in the second case we have limp_>p(, z{p) = h. An analogous 
argument would prove that limp^p^ z{p) = —00 in the first case. Observe that this would 
conclude the proof of Theorem [9} as the second case is impossible since we are assuming 
that z is not bounded around Pq. 

Let {pn} be a sequence of points in Dr \ {po} converging to po. As we are in the 
second case above, there exist some e > and 6 > arbitrarily small such that 

(po, h + 6) e De X {h + 6 - e, h + 6 + e) C epi{z) 
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and 

(po, h - S) E De X {h - 5 - 6, h - 5 + e) C {D,. x M) \ epi(z). 
In particular, we have 

X [h + 6, oo) C int(epi(z)) and x (— oo, h — 6] C {D,. x M) \ int(epi(2;)). 

Now, observe that, since (p„, z{pn)) hes in the boundary of epi(z), it holds z{pn)) ^ 
int(epi(2;)) U ^(-Dr x M) \ int(epi(z)) j . Thus, choosing Uq so that if n > no we have 
Pn € -De, we can conclude from the previous condition that \z{pn) — h\ < 5 for every 
n > no. 

This proves the claim and completes the proof of Theorem |9| □ 

Corollary 4. Let S C x he a graph with K^^t > over a punctured disk D* C 
centered at po G M^, and assume that x j M zs a Hadamard manifold. Then, exactly 
one of the following three situations happen: 

1. S extends as a smooth C^- graph across po. 

2. S extends continuously (but not -smoothly) across po, and is uniformly non- 
vertical at pq. 

3. The height function of H tends to +oo or to — oo at Pq. In particular, the metric 
of S is complete around the puncture. 

Moreover, assume that the sectional curvature of M ^ x j M zs bounded from below on a 
tubular neighbourhood of the geodesic {pq} x by a number i{po) € M. Then the third 
situation above cannot happen provided K^^t > —"iiPo)- 

Proof. By Theorems [7] and [9] we only need to prove the final assertion. This is a con- 
sequence of the Gauss equation for E in x j M, which implies that if K^xt > —i{Po), 
the Gaussian curvature of S is bounded from below by a positive constant around Pq. 

But now, observe that in x j M, the distance between {pi,ti) and (^2,^2) is at 
least 1^2 — Hence, the fact that the height function of S tends to ±00 around pq 
indicates that there exist points p,q E arbitrarily far away from each other. This 
contradicts that on a surface with curvature bounded from below by some c > 0, the 
length of any minimizing geodesic is < vr/y^. □ 
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